
Prime factorisation and ordinals below epsilon zero

Prime Factorisation and the Ordinals Below ε0
The Schütte-Matula correspondence, with a short proof and references

Orientation
The ordinal ε0 is not the largest ordinal. It is the first epsilon number, the least fixed point of ordinal

exponentiation with base ω. It is countable, and every ordinal strictly below it has a finite hereditary Cantor

normal form.

𝜀0 = min{𝜉 > 0:𝜔𝜉 = 𝜉} = sup
𝑘 < 𝜔

𝜔𝑘,𝜔0 = 1,𝜔𝑘 + 1 = 𝜔𝜔𝑘

The coding
Let 𝑝

𝑚
 be the m-th prime, with 𝑝

1
= 2, 𝑝

2
= 3, and so on. Write each non-zero 𝛼 < 𝜀0 in Cantor normal form,

allowing repeated terms:

𝛼 = 𝜔𝛼1 + ⋯ + 𝜔𝛼𝑟, 𝛼1 ≥ ⋯ ≥ 𝛼𝑟

Define its positive-integer code recursively by

𝐶(0) = 1, 𝐶(𝛼) =
𝑟

∏
𝑗 = 1

𝑝
𝐶(𝛼𝑗)

Equivalently, if 𝛼 = 𝜔𝛽 + 𝛾 with 𝛾 < 𝜔𝛽, then

𝐶(𝜔𝛽 + 𝛾) = 𝑝
𝐶(𝛽)

𝐶(𝛾)

For a correspondence with ℕ0 = {0,1,2,...} rather than the positive integers, simply map α to C(α) - 1.

The inverse map
For a positive integer n, list its prime factors with multiplicity as 𝑛 = 𝑝

𝑚1
⋯ 𝑝

𝑚𝑟
. Define recursively

𝑂(1) = 0, 𝑂(𝑛) = 𝜔𝑂(𝑚1) # ⋯ # 𝜔𝑂(𝑚𝑟)

Here # is the natural (Hessenberg) sum. For these monomials it simply collects equal powers of ω. Equivalently,

sort the exponents 𝑂(𝑚𝑗) in decreasing order and use ordinary ordinal addition. In prime-power notation:

𝑛 = ∏
𝑚 ≥ 1

𝑝
𝑚
𝑎𝑚, 𝑂(𝑛) = #

𝑚: 𝑎𝑚 > 0
𝜔𝑂(𝑚)𝑎𝑚
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Examples

Integer Factorisation Ordinal

1 empty product 0

2 𝑝
1

1

3 𝑝
2

ω

4 𝑝
1
2 2

5 𝑝
3

𝜔𝜔

6 𝑝
1
𝑝
2

ω + 1

7 𝑝
4

𝜔2

9 𝑝
2
2 ω · 2

Thus 5 first becomes the prime index 3, and then 3 is decoded recursively: 𝑂(5) = 𝜔𝑂(3) = 𝜔𝜔. The exponents in

the ordinary prime factorisation become finite Cantor coefficients; the genuinely recursive part is the decoding of

the prime indices.

Why it is a bijection
The recursion terminates. In the ordinal direction, every exponent αj is a proper subterm of the hereditary Cantor

normal form. In the integer direction, if 𝑝
𝑚

 divides 𝑛 > 1, then 𝑚 < 𝑛. Unique prime factorisation recovers

exactly the multiset of encoded exponents, while uniqueness of Cantor normal form recovers the ordinal.

Structural induction therefore gives

𝑂(𝐶(𝛼)) = 𝛼 (𝛼 < 𝜀0), 𝐶(𝑂(𝑛)) = 𝑛 (𝑛 ≥ 1)

Where the construction appears
Matula's 1968 note gives the prime-index recursion as a bijection between positive integers and finite rooted trees

[1]. Göbel gave a later proof and enumeration [2]. Cantor normal forms identify ordinals below ε0 with finite

rooted non-plane trees: the immediate subtrees of the root encode the exponents α1,...,αr. Combining these two

identifications yields precisely the correspondence above.

The ordinal formulation is explicit in Weiermann [4, pp. 193-194], who calls it a Matula-number or Schütte-style

coding. Weiermann and Woods give the recurrence displayed above and say that it occurs in Schütte's proof-theory

book [3] and is also known as Matula-coding [5, Remark 1].
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